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Abstract

We approad the Multiple Input Multiple Output (MIMO) decisionfeedbak equaliza-
tion problem in digital communications from an H! estimation point of view. Using the
standard (and simplifying) assumption that all previous decisionsare correct, we obtain
an explicit parameterization of all H! optimal decisionfeedbadk equalizers. In particular
we shaw that, under the above assumption, minimum mean squareerror decisionfeedbadk
equalizersare H! optimal. The H! approad also suggestsa method for dealing with

errors in previous decisions.
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1 Intro duction

The ultimate goal of digital communication is the reliable transmission of information at the
highest possible data rates. One major obstacle in achieving this goal is the inter symbol
interference(ISI) imposedby the communication channel. The inter symbol interferencerefers
to the e®ectof neighboring symbols on the current symbol and unlessit is handled properly
it can lead to high Bit Error Rates (BER) in the recovery of the transmitted sequenceat
the receiver. Therefore, various methods have beendeveloped to increasethe communications
systems'performanceby reducing the e®ectsof the ISI.

Linear equalization is one of the major attempts in this direction. However, linear equal-
ization doesn't exploit the fact that the transmitted sequencéhasa ' nite alphabet" structure.
To take advantage of this property, the Decision Feedba& Equalization (DFE) is proposed.
Decisionfeedbad equalizersuseold decisionsto improve the equalizer performance. This has
beena researt focusfor more than two decades.The referencepaper [1] provides a good sum-
mary and a historical overview of thesereseart e®orts. A more recert treatment of decision
feedbad equalization with minimum mean squareerror criterion (MMSE-DFE) is in [2].

Almost all the techniques proposed for equalization make some assumptions about the
underlying characteristics of the disturbance signals and the structure of the communication
channel model. In many applications, howewer, true information about the channel is not
available and algorithms have to use the estimates of the model parameters. For example,
in mobile communications the channel parameters are often estimated via use of training
sequencesThe time variations in these parametersalso necessitatethe needfor tracking them
and the errors dueto tracking is another point of concern. Theseconcernsbring the question of
robustness,that is, whether the small variations from the true model, and small disturbances,
can causelarge degradationsin the performancesof the algorithms using these parameters.

Recerly the H! criterion hasbeenproposed[3] for the linear equalization with the belief
that the resulting H! equalizerswill be more robust against the model uncertainties and the
lack of statistical information of the exogenoussignals. In [4] this approad has been further

studied, yielding various new insights into the linear equalization problem sud asrole of non-



minimum phasezerosand the delay in equalization. Furthermore, FIR H! equalization has
beeninvestigated in [5]. As outlined in [4], we can list the reasonsfor the application of the

H?® criterion to the equalization problem as follows:

2 The Risk-Sensitive optimalit y of the certral H! equalizers,which provides an ensenble

averageoptimalit y property similar to the averageoptimality of the MMSE equalizers.

2 The worst caseoptimality, which reducesthe maximum performancedeviation from the
average performance. This property provides a basis for the robust equalizer design

framework.
2 Existence of the fast algorithms for the implementation.

In this paper, we approac the multiuser decision feedba& equalization problem from
the H! estimation point of view. In the Trst part of the paper, we introduce multiuser
decisionfeedba& equalization problem. Then we introduce an equivalent model and provide
the MMSE-DFE solution for this model. Starting with Section5, we look at the formulation of
H1 equalizersunder the assumptionthat the previous decisionsinput to the feedbad Tter are
correct. Here among other results we show that MMSE equalizersare H® optimal under this
assumption. In the last part of the paper, we abandon the assumption about the correctness
of previous decisionswhich complicates the decision feedba& problem due to the extreme
dixcult y in the modelling of the decision errors. However, we will shav that H! criterion

basedapproac can still provide a solution in this case.
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Figure 1: Decision Feedba& Equalization



2 Decision Feedback Equalization Problem

The standard discrete time model for the decisionfeedbak equalization problem is illustrated
in Figure 1. In this gure, flygrepreserts the discretetime nite-alphab et input-data sequence.
If we assumethe number of co-channel usersto be M then by 2 C¥. The distortion e®ects
of the communications medium are represened by a linear time invariant transfer function
matrix H(z), which re°ects the e®ectsof the transmit and receiwe Tters and of the propaga-
tion ernvironment (e.g., the multipath vector channel of an antenna array systemin wireless
communications system). The dimensionsof fbhyg and fy;g determine the dimensionsof the
channel H (z). If there are N antennas or branchesat the receier, i.e., y; 2 CV, then H(z) is

assumedto be a causaland stable N £ M matrix function in z with Laurent seriesexpansion
H(z) = ho+ hizi 1+ 1 (1)

that is analytic on and outside the unit circle, jzj = 1, wherefh;;i , Og denotesthe impulse
responseof H(z). The Hj (z) entry in the matrix refersto the e®ective channel betweenthe
userj and the antennai. We alsoassumethat the number of usersis lessthan or equalto the
number of antennas,i.e., M - N.

The sequencd v; g represerts the noisedisturbance (e.g., receiver antenna noise, co-channel
interference, etc.) corrupting the obsenations. Modelling errors due to imperfect knowledge
of the true channel can also be incorporated into the disturbance f vig. We shall, therefore, for
the most part not make any statistical assumptionsabout the disturbance sequence v;g and
will simply considerit asan unknown sequenceof elemerts in CV.

The frequency selective property of the H(z) results in ISI for the obsened signal and
therefore, it is desirableto reduce the frequency selective property of the channel to reduce
ISI. We alsoneedto take the e®ectsof noiseinto consideration. Referring to Figure 1, our aim
in decisionfeedbak equalization is to designcausal Tters K 1(z) and K(z) to estimate by; 4
, whered , 0 is the parameter indicating the delay in estimating the transmitted sequence.
Here K 1(z) is the feedforward Tter that hasthe obsenations fy;g asits input, and K»(z) is

the feedbadk Tter that hasthe previous decisionsfbi d; 19 asits input. The estimate, denoted



by ﬁi d, i1s the sum of the outputs of the K 1(z) and K»(z), whereasthe decisionsbi dj 1 are
obtained by passingh; 4 through a decisiondevice. The designof the Tters K 1(z) and K2(z)
dependsupon the criterion chosento de ne the closenesof ﬁi d to b, q.

In almost all the decisionfeedbak equalizer designsin the literature, the decisionsinput
to the Tter K,(z) are assumedto be correct; this simplifying assumption converts the original
non-tractable nonlinear problem into a solvable linear one. Moreover, most of the researh
in the decision feedbadk areais focused on the mean square error criterion [6, 2, 7], mostly
becauseit allows the derivation of explicit formulas for both the feedforward and feedbak
‘Tters. As summarizedin [1], in most of thesederivations, the feedforward Tter is assumedto
be non-causal,i.e., a smoothing Tter, and thereforein applications it should be approximated
by a causal Tter with a certain delay. Again, as showvn in the same paper, the formulation
reducesto solving a mean squareerror linear prediction problem.

In this article, we will usethe H® criterion asthe the basisfor the derivation of the Tters.
In doing so, we will considerthe setup of Figure 1 constraining the feedforward Tter to be

causal.

Figure 2: Equivalent model for Decision Feedba& Equalization.

3 An Equiv alent Mo del for Decision Feedback Equalization

We canremodel the decisionfeedbad equalization problem in Figure 1 asshown in Figure 2 so

that it takesthe form of a generalestimation problem [11] with L(z) = z 91, aswe are trying
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to estimate the d delayed input symbols. In this gure, hi dj 1 represens possibly incorrect
previousdecisionsand g = bi di 1i by ¢ 1 represerts the corresponding errorsin the decisions.
Thus, in this model

Hv(z) = H(z) zi (@D (2)

is the equivalent matrix channel. According to the samemodel

T T

YW(z) = Y(z) L%(z), andNv(z) = V(z) E(z)’ 3)

are the equivalent obsenation and noisevectors, respectively. We de ne the energyweighting

matrix for the noiseNy as > 3

R O
Ryy = 3 £ (4)
0 2

whereR represeis the weight we assignto the additiv e noisef vig and 2 represens the weight
assignedto the decisionerror sequenced e;g. Then the decisionfeedbad equalization problem
is equivalent to nding

Kv@) = Kiz) Kalz) (5)

that minimizes a certain norm of the transfer function

Ta@= @9 Ky@H@)Q2 | Ky@RE? ©)

In the rest of the paper, without loss of generality, we will assumeQ = | to simplify the

expressions.

4 MMSE Decision Feedback Equalization

In this section, we formulate the MMSE decisionfeedbad equalizersfor the equivalent channel
model of the previous sectionunder correct decisionsassumption (without this assumptionthe
MMSE procedure isn't tractable). The solution to this problem is well known. Howewer,
we will repeat here the formulation asit provides a good basis of comparison with the H?!

approad, and the treatment will be more generalthan most of the approadesin the literature

where the feed-fornard Tter is assumedto be non-causaland to have accesgo in nite future



obsenations. The following theorem givesthe formulation for MMSE-DFE equalizers. It uses

the generalH 2 approac outlined in [8]:
Theorem 1 (H?2-optimal DFE) The solution to the problem

caLl;?a{PKv kTKV (Z) k2 (7)
where Tk, (z) is givenin Eq. (6), for the case? = 0, is given by
Ky = fzi IH*(Z" )M ® (2" )g. M 1(2) (8)
where M (z) is found from the canonical factorization of the power spectrum matrix

Sv, (2) = Ry, + Hv(9)HG (27 ) = M ()M °(2"") (9)

with M (z) causal and causaly invertible and where f A(z)g. denotesthe causal part of the

transfer operator, A(z). In addition the correspnding error spectrum is given by
Er(z) = fzl dH(Z" )M " (217 )g; ff zI IH (21" )M (21" )g, ¢° (10)

where f A(z)g; refersto strictly anti-causal part of the transfer function A(z) and fA(z)g" =

A%(Z®).

5 H?! Decision Feedback Equalization

In this section, we look at the formulation of the decisionfeedba& equalizerswith respect to
the H1 criterion. First, we will assumethat the old decisionsare correct, as we did in the
MMSE formulation, and look at the derivation of H1 ;| DFE equalizers. We then abandon
this assumption in the last section and look at the solution provided by the H! framework

for this case.

5.1 Correct Decisions Case

We approad the derivation of H! decision feedbak equalizersunder the correct decisions

assumption by rst concerrating on the casein which d = 0 and then by shawing how we
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can generalizethis approach. Under this assumption, g in Figure 2 is equalto zero for all i
and therefore the corresponding weight is 2 = 0. The major result under the correct decisions
assumption is that the MMSE-DFE equalizerturns out to be H! optimal. This is a striking
result sinceH? and H! approades generally, with the exception of sometrivial cases,yield

di®eren results.

51.1 H! j DFE Equalizers for d=0

Focusing on the d = 0 casegivesus the °avor of the generalformulation of the H* | DFE

‘Tters. We will state the result related to this caseby the following theorem:

Theorem 2 (H! DFE for d = 0) For the setting descrited by Figure 2, under the correct

decisions assumption, i.e., ¢ = 0 and for d = 0O, the solution to the problem

min i Tk, (2)ii1 (11)

causalKy (z)

where Tk, (z) is given by Eq. (6), can be obtained for

1
02
12
* 1+ ¥min (hGRI tho) (12)
and is given by
Kv(2) = (L22(2)C(2) i L21(2)) (L11(2) i L12(2)C(2)' (13)
where C(z) is a causal and strictly contractive transfer function and
2 3
I hi+hozile i 0
L(z) = 4, I )
0 0 |
(hoh§ + R)'=2 0 _ 0
9 2i thg(hohd + R)i 12 (T2hLi g ngRi thg)i 12 I G i Ozlhigle 021§ (4 hgRI Tho)t 1)172) g:
i h3(hohd + R)i 1=2 0 | (°210 (1 + hgRI Tho)i 1)1=2

(14

Pro of: Proof of this theoremis given in Appendix A.

Remarks:



2 |t is interesting to comparethe performanceof the H! decisionfeedbak equalizerwith
the H! linear equalizerby comparing the corresponding optimal H! norms. As shown

in [4], for a scalar channel with R = r, the linear equalizerhas

02 - r
opt;linear r+ minWjH (el )JZ (15)

for a minimum phaseH (z) and
ogpt;linear =1 (16)
for a non-minimum phaseH (z). For the decisionfeedba& equalizer, irrespective of the

minimum phaseproperty of the channel, Eq. (12) yields

r
02 . = . 17
opt;df e r+ jh0j2 ( )
. - - 02 02 - . .2
For non-minimum phase channels, obviously °5.4e © °gptiinear SiNCE€jhoj , 0 and
therefore°§pt.Olfe - 1. For minimum phasechannels,over the regionjzj , 1, the minimum

value of the H(z) is achieved on the unit circle. This is due to the obsenation that
Hi (z) hasall its polesinside the unit circle and therefore, by the maximum modulus
theorem; H 1(z) achievesits maximum on the unit circle for jzj , 1. Thus, H (z) achieves
its minimum on the unit circle for this region . Sincehg = H(1 ), we have jhgj® ,
min jH (e')j?, sothat,

Cgotde °eptlinear (18)
i.e., the performanceofthe H! decisionfeedbad equalizeris better than the performance

of the H! linear equalizerwith respect to the H? criterion.

2 Another important obsenation is obtained when we look at the certral solution to the
decisionfeedba& equalization problem by using L (z) given by Eq. (14):
Keenral(z) = i L21(2)Lif(2)
= hEhohg+ R)' T i (hy+ hozi T+ )hg(hohg + R)i 1
which turns out to be the MMSE decisionfeedbak equalizer(MMSE-DFE) for the given

setup and with the additional statistical assumptions. This is an important obsenation

which we generalizein the next section.



51.2 H?! optimalit y of MMSE Decision Feedback Equalization

An important result from the previous section is that under the correct previous decisions
assumption, and for d = 0, the MMSE decisionfeedbad equalizeris H! optimal. If we carry
out the factorization for a generald > 0, we seethat the MMSE solution still coincideswith the
corresponding certral H! solution. In this section, we shall prove this fact using a di®eren

route.
For the equivalent channel model described in the previous section, the MMSE decision

feedba& equalizerfor any d, 0 can be found using
Kmmse(2) = f20 HHG(2® )M ™ (27 )ge M1 1(2) (19)

where M (z) is asde ned in Eq. (9) and the error spectrum corresponding to the equalizeris
given by

Er(2) = f2/ HY(Z° )M (2" )g, f 2 "HY (2" )M (2" )g; ¢° (20)
where f:g; extracts the strictly non-causalpart of its argumert and fA(z)g" = A%(zi") for
any function A(z).

To obtain the spectral factorization of Sy, (z), let us rst write

Sv, (2) ZRNV + Hy(2)Hy (2"")

; R+ H(z)H*(z") H(z)z%? z

zi di 1 =(zi7) I

2 32 3
2 R1:2 H (Z)Zd+l g 9 R1:2 0 g .
0 | He(zi® )zi di 1 |
| {z H {z }
N (2) N=(zi® )

Comparing with the spectral factorization in Eq. (9), we concludethat

M (2) (2)£( 2) (21)

N 32 3
] RI2 H (z)z0* 79 mi(z) m2(2) z (22)

0 | 1(2)  Hp2(2)
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2 3
_ g R¥™¥2p11(2) + H(2)2% 1(2) R™¥pa(2) + H (2)2% 1ip2(2) z

(23)
1(2) Ho2(2)
where £( z)E °(zi" ) = | is chosensud that M (z) is causal and causally invertible. The
causality of the M (z) constrains [1(z) and [p2(z) to be causal.
We can write the error spectrum Ery v se(z) as
Voo , v (. . % )a
zZ'% He@ze) ) M (zj o) 229 HeE) 2 MP(z o)
Y- , % (1 , %)
= zi 9H2%(z?) zI N (27 )E(2) . zidH=(zi") z N (27 )E(2) .
8 2 39 8g 2 39 Z“ |
2 g H1(z)  tha(2) f 22 '8 Mi1(2)  a2(2) f =
= 5 0 z > 3> 0 zl N
' Wi1(z) Me2(z) * T 1(z) He2(z) 7

2 3
X Z a0 Z
Zik10 Zik2,0 1
Z' "oz

= peroboro + He2zokozo
where we usedthe fact that »1(z) and p2(z) are causal.

Eq. (24) shows that the resulting error spectrum is frequencyindependert. For the scalar
case,the MMSE equalizers minimize the area under the error spectrum, whereasthe H 1!
equalizersminimize the peak of the error spectrum. Thus, the frequencyindependenceimplies
the °atness of the error spectrum, which in turn implies that the MMSE-DFE equalizer is
H! optimal. The reasonis that any other DFE equalizerwith a maximum value of the error
spectrum lessthan that of the MMSE-DFE equalizer will have to have a smaller area under
its spectrum than the MMSE-DFE case,which is a cortradiction.

This property of MMSE-DFE can be extended for more general matrix channels by the
useof operator techniquesdeveloped in [9] and outlined in Appendix B. In order to show that
the H! and the H? solutions coincide, we needto show that °§pt is equal to the maximum
singular value of the MMSE error spectrum which is a constart matrix. From Appendix B,
we know that

c’opt = Jig + P|?| Prli1 (24)
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wherethe E is equalto zero, sincethe smoothing spectrum is equal to zero. Therefore,
Yopt = iPAPHiL (25)

Here, using the results we obtained above,

P(z) = MiY(z)Hy(2L(2)
= £%2)N' Y(2)Hy (2)Z' ¢
(2) N ( )3 v(2) ) 3
0 5,(z®
- 22§ Z_ 41§ Mo ( )%:
zi 1 Hoo(21™)
T
Therefore, sincelk1(z) and |p2(2z) are causaloperators, wecanwrite, Py = 15,0 15,
As a result,

0opt = i I:)Hu Prii1 (26)
= Jikerotoro + Hozoboz0lit (27)
= jiErmwmselis (28)

which provesthat the H? and the H! solutions coincide for the more generalmatrix channel
case.

This is a striking result, which shedsfurther light on the properties of the MMSE-DFE
equalizer. Moreover, this is a rare case,where the solutions to the H 1 and MMSE “Ttering
problems coincide. In general, except for sometrivial cases,solutions to both problems di®er
and a trade o® exists between two criteria. In fact, one active researt area is the design
of mixed H2=H! Tlters. We should note that the equivalencerelation showvn should not be
confusedwith the well-known limiting equivalenceof the H! estimator to the H? estimator,
where the limit is on the ° parameter. The equivalenceobtained is for nite ° levels and it's

a property of the decisionfeedbadk structure.

5.1.3 Deriv ation of H! | DFE Equalizers for d> 0

We previously looked only at the cased = 0. For any d > Ot is also possibleto obtain explicit

formulas for the H! | DFE equalizerssincethe factorization of the Popov function can be

12



achieved easily but with increasingcomplexity of the expressionsdue to the following lemma

Lemma 1 The Popov function
2 3
g Rm + Hv(2)H§(z°) i Hv(2)z¢ z.

i zi HY (217) Li °?)l

under the correct decisions assumption,i.e., 2 = 0, is alwaysunimodular.

Pro of: For any delay d, 0, we can factor the Popov function as

2 3
; Ry, + Hy(2)HY(z®) i Hy(2)z¢ z
i zldHY (217) i °?l
2 " 32 i 32 3
i MO e Ry i pezHV(QHE (2°) 0 | 0
-9 £9 o %E_Hnwwﬂd £
0 I 0 (11 )I | V—lloz— |
| {z } I {z }
F(Z) Fu(ziu)

The factors F(z) and F°(zi" ) are clearly unimodular matrices, since they are triangular

matrices with constart diagonals. The certer matrix is also unimodular since

2 32 32 3
02 _ | H(z)z%? R 0 | 0

RNV | WHV(Z)HS(ZIE) =g gg o2 gg g
! 0 | 0 {=l zi @D HeziTy) |

is unimodular, since as showvn above, it is a product of 3 unimodular matrices. As a result,
the Popov function is unimodular. i

Therefore we can systematically factor the Popov function using unimodular lower-upper
and upper-lower factors. In doing so, one can follow an approac similar to the approadc for

the d = 0 case.We begin by rst factoring H(z) asin Appendix A , but for a generald , O:

H(z) = ho+ hizi 1+ thgzi 9+ z1 @D (hyy + hgpzi 1+ 100) (29)
= hg+ hi+ i+ hgzi 9+ zi (D H (2); (30)
which leadsto
2 3 2 32 3
H(z) | He(2) ho+ hy+ 1+ hgzi 9
Hoz) = § £=9 744 £ = F1i(2)Hev(2): (31)
zi (@) 0 | | zi (d+1)
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Therefore, we can reducethe factorization of the original Popov function §( z) to factorization

of the \equivalent” Popov function
2 3
2 RNv + HEV(Z)Hgv(Zin) i ZdHev(Z) g

i H3,(z" )z @ (1i °dI

8ev(2) = (32)

In Appendix C, in Theorem 6, we show that for d > 0, under the correct decisionsassump-

tion
2 . ’ . T
°optdelay = Ymax( Iy 0::0 (I +HIr'"Ha) 1y 020 )
where 2 3
ho O 0
hy hg 0
0
Hg = (33)
hgj2 2 hy hp 0 O
hgi1 = h2 hy hg O
hd . h3 hz h1 ho

This meansthat we can directly calculate the optimal value of ° for the H! -DFE problem for

any delay using the channel impulse responsecoezcients.

5.2 Error in Previous Decisions

In the previous sections,to simplify the analysisand the derivations of the lters, we assumed
that the decisionsusedby the feedbak Iter were always correct. This assumption can hold
in systemsthat use precading techniquesto implemen the feedbad part in the transmitter
section, as in the well-known Tomlinson-Harashima precoding procedure[10]. However, suc
proceduresrequire a priori knowledge of the channel and the statistics of the exogenousnput
signals for the design of the transmitter. In applications requiring adaptive communication
capabilities, such as wireless communications systems, this is not a reasonableassumption.
Sincethe channel is estimated at the receiver, adapting the transmitter with this information
is not feasiblein time-variant ervironments. Therefore, in sud situations the feedbadk Tter

should be implemented at the receiver, which inevitably leadsto incorrect decisionsinput to
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the feedbak Tter. If Tters are designedunder the correct previous decisionsassumption, the
existenceof decisionerrors leadsto a degradation in the performance.

In this section, we shall not assumethat the decisionerrors are zero, but that they form
some non-zero sequencef eig. Sincefejg is a complicated function of the feed-forward and
feedbad Tters, as well as other parametersin the system, it is almost impossibleto give
an explicit statistical description of the errors and therefore design Tters with respect to the
statistical criterion sudh as MMSE criterion.

However, as far asthe H® criterion is concerned,fe g is a nonzero sequencewith small
power given by 2, and therefore the H1 approac can provide a solution which safeguards
against the worst-casedecisionerrors.

When 2 6 0, the corresponding Popov function is no longer unimodular and therefore the
J-Spectral factorization basedapproach is not as easyas the correct decisionscase. However,
we can still obtain numerical solutions by solving Riccati equations (or recursions)and we can
implement equalizerswith state spacemodels as shavn in [11]. In the designof equalizerswe
needto choosethe parameter ° and the 2 parameterin Ry, . The ° should clearly be greater

than °qpt. Although there is no explicit expressionfor ° o, One can usethe upper bound :

. , _ -
i Ymax( Iy 0:0 ((1+riHEHQIT+2Z) 1y 00 ) (34)

where
Z = (rl + HiHg) tHihghSH4(rl + HiHg)' 1 (35)
which is derived in Appendix C.

The choice of the 2 parameter is critical, sinceit represerts the power of the decisionerrors,
which is not known beforehand. Figure 3illustrates the variation of the BER of the equalizeras
afunction of the 2 parameterfor the exampleH (z) = 0:56; 0:06zi 1+ 1:07zi 2+ 1:6zi 3j 0:13zi 4,
delay d = 2 and SNR = 18dB for the certral H® equalizer. Initially aswe increasethe value
of 2 from 0, the BER decreasesThis is due to the fact that the equalizeris taking into accourt
the existence of the decision error, so the performance improves. Howewer, after a certain
point, this trend reversesand the BER beginsto increasebecause? beginsto overestimate the

decisionerror power.
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Figure 3: BER vs. 2

For binary signaling (with levels +1 and -1), the only possiblevalues of the errors are 2
and j 2. Therefore, the error power would be 4 times the BER. Sincethe BER itself is also
dependert on the 2 parameter chosen,it is hard to obtain an explicit expressionfor the optimal
value of 2. But given that the error power at 2 = 0 is 4 times the BERyumse; pre (BER of
MMSE-DFE Tter assuming correct decisions), 2opt should be lessthan this value since its
BER is lower than BERmmse; pre - Figure 3 suggests3 times BERymse; pre for the
optimal value of the epsilon, which is a reasonablechoice for practical applications. Here
the BERmMse; pre Can be approximated , for example, using the upper bound formulas
suggestedin [12]. Similar reasoningcan be followed in the computation of the optimal value

of 2 for constellations other than binary.

6 Conclusion

We studied the problem of decision feedbad equalization from the H? estimation point of
view. If we make the assumptionthat the previous decisionsare correct, the H! formulation
of the decisionfeedbak equalizerscan be obtained simply through factorization of the Popov
function. As animportant result, under this assumptionthe MMSE andH ! solutions coincide,
which is an interesting result both from an equalization and estimation theory point of view.

Once we remove this assumption, it is hard to formulate DFE Filters with respect to the
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MMSE criterion, however, the H1 framework still provides a solution due to its deterministic
worst-casesetup.

App endix A

We formulate the H! -DFE equalizersfor the zero delay case,which provides a proof for
the Theorem 2. We follow the J-Spectral factorization basedapproadc, and therefore, we begin

by writing the Popov function for the equivalent DFE model of Figure 2 of Section 3:
2 3

; Rny + Hv(2)HY(z%) i Hy(2)z z
i 2 IHY(z7) Li °?I

8(2) =

where, for simplicity, we assumedbinary antip odal signaling for which b 2 fj 1;1gM and
therefore Q = |. The results can be easily generalizedto more complex signal constellations.

We follow the factorization procedureoutlined below:

1. We will iterativ ely extract factors from the Popov function §( z).

2. By assuminga positive rangefor °, wewrite §(z) = P(z)JP°(z" ) whereP (z) is acausal
and causally invertible matrix and J is the mixed inertia matrix we previously de ned.
Here we note that the inertia condition for the factorization is always satis ed since
the smoothing error spectrum is identical to zero which further implies °smoothing = O.

Therefore, aslong as® > °smoothing = O the inertia condition is satis ed.

3. If there exists a J-unitary matrix £ suc that L(z) = P(z)E£ has strictly causal block
L12(z) and, causaland causally invertible block L11(z) then the assumedrange for ° is

greater than °gpt.

Before we begin extracting factors from the Popov function, we rst de ne the following

factorization of H(z):

H(z) = ho+ z Y(hy+ hyzi 1+ 1) (36)
= ho+ z' H(2): (37)
Sothat we can write
3 2 32 3
H | He h
Mz = § P z-g" P@ze Mz oo (38)
zi 1 0 | zi 1
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2 3

R O
Note that, sinceRy, = 2 E = F(z)Rn, F"(z"" ), we obtain the following equality

00
for the §(z):
2 32 32 3
F(z) O Rny + Hev(z)Hg (2 i Hey(z F2(z") O
sz = §7@ 075 Rt Ha(@HA(E") i Hel@) 76 FO(2") 07,
0o 1 i HS,(Z21) | j °? 0 I
| {z }H {z H {z }
F1(2) Sev(2) Fe(zi®)

Due to the structure of F1(z), which is causaland causally invertible and diagonal, we can
obtain the desired J-spectral factorization of §(z) by rst nding the J-spectral factorization
of the equivalert Popov function 8§¢,(z) as Ley(z)JLg, (2" ) and then we can write L(z) =
F1(2)Lev(2).

Therefore, we cortinue by further factorization of 8 ¢,(2):

2 3 2 , 32
| j Hel Rny i s He(2)HE(21®) 0 | 0
§ev(2) = ﬁ 1; °2 g g v 1oz ev ev gg s g:
0o | 0 (Li °?)I JUETCE |
I {z P {z H {z }
F2(2) §1(2) F5(z® )

We de ne hmo = Ri 172hg and then we write the singular value decomposition for hyg as
2 3

S
hmO:UQ gVQ
ONi M)

where S = diag(¥a(hmo); ¥2(hmo); :::; ¥a(hmo)), with %a(hmo) , ¥2(hmo) . =, ¥m (hmo).
Here, without lossof generality, we will assumedistinct singular values.
It can be shown that

§1(2) = Fa(2)8 sF4(z")

where 3

2
R¥2U 0 0
Fa(2) = g i J—izhumo(l [ J—izhmohﬁqo)i tuzit v oo %

0 (O
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and

2 2 3
. S2 0
I L—izg g 0 0
0 0
§3: . 02
0 (i el ST 0
0 0 (1i °dI

Here which ertries of the diagonal matrix § 3 are negative or positive dependson the value

of °. Therefore, we contin ue further factorization of 8 ¢\(z) by assumingdi®erert rangesfor °:

1 02 1 ; ; ;
1. We assumem < < T2, (o) and i < M. Under this assumption,

2 3
02 i A 0
i 1eS?= £
' 0 B
where
02
A=+ I —diag(¥4(hmo); ¥5(hmo); ::5 ¥ (Nmo)) ;
o2

B =10 ga0iag(% (hmo); %z (o) 33 % (Nemo):

where, due to the assumedrangefor °, both A and B are positive matrices. By de ning

the partitions

U= Ui Usm Uven @AV = Vi Vigw
2

_ IN+M 0
we can show that §ey(z) = Pev(z)JPg, (21" ) whereJd = 9 %

0 Y
2 : p 37
. h . pzit )
i P i P=I 1i °“l
1| o2 ll 2
Bl:ZUiE-l; M (Rl:Z)T i (CzhmOUi+1: mBi 1=2)T zit 0
R1=2y )T i (C2h= U N7z 0
Pev(z) - ( M+1.N) I ( mo M+1.N) ;
0 (Ve CAI T 0
0 (Vis1:m CBI 172)T 0
(R¥72Ug; AT (ChhoUriAl 152)Tzi 1 0
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qT
and C = ez

We note that Pey(2z) cortains the constart term Vi41.y CBi 172 at the upper right (N +
M) £ M corner. We cannot remove this term by multiplying P(z) from the right by a
J-unitary matrix sincethe rst two block ertries of Pey(z) at the corresponding row are
strictly causaland the other constart term Vi;CAi 172 in the samerow is orthogonal to
Vi+1.m CBi 72, Therefore, we cannot corvert Pey(z) to a matrix with a strictly causal
(1; 2) block by multiplication from the right. This implies that ° should be greater than

the range assumedat the beginning.

2. In the previous part, we have seenthat ° should be greater than or equal to mm

We will pursue the factorization under this condition.
For this case,Pey(z) can be written as

| plo RIF2Upy 41 0 R172Upy AL72
1 -2
Pev (2) = : i1 L i1y 22 _aii=2 %2 e a0 1=2,0 1
1{9;2 i 7+2"mo M +1: N Z o2 i 2z"mo~1M z
p L
1i °2] 0 0 0

Since Pey(z) doesn't have a top-right N + M £ M strictly causalentry we needto nd
a J-unitary matrix to multiply Pey(z) from the right so that the resulting Ley(z) has

strictly causalat that position. For that purpose,we rst nd

2 3
i p—r_ooz R¥2Uy 41N 0 R¥F2Up A2
I
9 ——
Pev(1) = 0 0 Vo Al 0
P 1; °2| 0 0 0

Thus we want to nd a J-unitary matrix £ suc that
2 3

W 0
Pev(1 )E = g g:
vV Y
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It can be shown that £ is given by

2
i hS( h8+ R)i 1=2 O (ozli (|+HSR] lho)i 1)1:2
1| o2 L 1] o2
‘- U 1. R 2(hoh§+ R)¥2 0 0
0 [ 0
£ 41 0 £43
where
— Ai 1=2p = i 1=2 o 1=2 . hoho o i 1=2
£aq=A UuR ((hohg + R) i 1 (hoh + R) )
and
h . ) _
£ag= AT UL 705 (P21 i (1 + hERT o)t 1)1

If we apply this J-Unitary transformation to Pe,(z) we obtain

Lev(z) = Ee\,(z)E

(hoh + R)1?2 0 0 i
= g zi 1hg(hohg + R)I 2 (“2b21 j hgRi tho)' 72 Lev23(2)
i h§(hohf + R)i =2 0 Lev:33(2)
where
Lev2s(z) = i Z 11 °22|1 + :j)hzoR' 1h0(02| i (I + h3R1 thy)i 1122
and

Levas(z) = (°21 i (I + h§RY tho)' ¥

Therefore the resulting Ley(z) matrix has strictly causal L1, block. Besides,the L1
block is unimodular and causaland therefore causally invertible. Therefore, the desired

form of factorization is achieved for
2 3/ . o il— 3/, . o 1 il
s (1+ /ﬁ”nn (hmOhmO)) - (1+ /'ﬂ’mn (hOR hO))
thus,
opt - (1+ Yanin (hORl 1hO))I !
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Note that we obtain the transfer function L(z) in Theorem 2 by
L(z) = Fa(z)Lev(2):

App endix B

We summarizethe operator basedapproad in the formulation of the H® problem based
on the notation and the techniquesintroducedin [9]. This approac provides a simpli ed and
alternativ e solution to the problemsin certain cases.

Notation

Let the input-output rule for a linear time invariant system be given by the convolution
expression

Vi = Tii j Uj ; (39)

whereu = fu;g 2 1%™, i.e., spaceof square-summablesequenceof vectors with dimensionm,
andy = fyjg 2 12P. If we de'ne the mapping as T, then the z-transform of the operator T
can be written as

* o
T(2) = Tiz''; (40)
j=i1
which is uniformly corvergert and analytic on an annulus containing the unit circle, sinceT
maps 2™ to 12P. Therefore the Fourier Transform T(€'' ) is well de ned for all | 2 [0; 2%).
We partition the sequencess and y into their past, u; £ fui;i < Og andy; £ fy;i < Og,
Og and fy. = Vi

and present and future, fu, = Uj;i O0g componerts. This correspnds

5 5

to the partitioning of 1™ and %P into orthogonal subspacesiz;m and 12™ and Iiz;p and 12P re-

spectively. Under this orthogonal partitioning of the input and output spaceswe can partition

the operator T as 2 3

T | Ta

T = § : é: (41)
TH T+

Here the operators of interest are:

2 T : Laurent operator, maps|®™ to I%P. Its H! norm is de ned as

KT uk
kT kq g sup Uz,

: 42
uso2lzm Kuky 42)
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2 T, : Toeplitz operator, mapsliz;m to Iiz;p, i.e., past inputs to past outputs. Its H! norm

is de ned as

KT. ki £  sup KT; uke.
uso212m KUKz

(43)

2 Ty: Hankel operator, mapslizm to 1P, i.e., past inputs to presen and future outputs.

Its HY norm is dened as

kTh uk
KTh k1 £ sup i 2,
uso212m  Kukz

(44)
We can also provide frequency domain characterization of the H! norms of the Laurent
and Toeplitz operators:
h . [
kTky = kT; ki = sup ¥max T(€' (45)
1 2[0;2v)

The Tw o-Blo ck Problem

In this section, we will concertrate on the two block operator
T«k= Lj KH K (46)

whereL and H are causal Laurent operators, and K is a Laurent operator which is not nec-
essarily causal. We are interested in Tk sinceit is the error transfer operator that maps the
input disturbancesto the output estimation error in the generallinear estimation setup.

We give the following theoremsfor the two-block problem[9]:

Theorem 3 Smoothing Problem Consider the causal Laurent operators, L and H, we

would like to solve
°sgirgfk Li KH K ki: (47)

Then we have

) 3 ,. 5
o= KL(I + H'H) 1L%; = sup ¥max L(6') |+ H@E)H(E') ' "L2Ed') : (48)
1 2[0:2%)
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Pro of: Note that we may write
TkTe = (Lj KH)(Lj KH)"+ KK¥; (49)

sothat after a completion of squares,

3

TT¢ = Ki LH(I+ HH?)Y (1 + HH®)

3

Ki LH(1 + HH?)i L
+L(1 + H°H) L™
Therefore T« T is minimized for K = LH ®(1 + HH®)i 1 which leadsto T T = L (1 + H®H)i 1L*®

and hencethe desiredresult.

Theorem 4 Causal H1 Problem Consider the causal Laurent operators, L and H and

suppse we would like to solve

°cf inf k L KH iKk ki: (50)
causal k
Then we have
°e=KkL; (I + HH; ) LT ky (51)

Pro of: We refer to reference[9] for the proof.

It is an interesting fact that both °; and °s have similar structure; the only di®erenceis
that the Laurent operators in °g expressionis replacedby Toeplitz operators in ° ¢ expression.
Although L; (I + HY H, )l 1Lf is in terms of Toeplitz operators only, it is not necessarily
Toeplitz and therefore a simple frequency domain formula for °. cannot generally be given.
However, an alternative characterization of L; (I + H'H; )i 1Lf is given in the following

theorem:

Theorem 5 Mixed Toeplitz-Plus-Hank el Op erator Consider the causal Laurent opera-
tors L and H. Then we have

°2= KE + P;Puk; (52)

where we have de ned

E=L( + HH) L= (53)
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and

P=¢iIHL",¢¢ "= 1 + HH" (54)

with ¢ causal and causaly invertible.

Pro of : We refer to reference[9] for the proof.

We note that °2 = KE k; . Therefore, due to Eq. (52), °c, °s and the increasedepends

on the Hankel operator Py.

App endix C

An explicit expressioncan be obtained for the ° oyt e Value for the H 1 .DFE TTter under
the correct decisionsassumption, i.e., 2 = 0. When 2 > 0, we can obtain an upper bound for

°opt:f e @S suggestedoy the following theorem:

Theorem 6 Considerthe M £ N causal transfer matrix H(z) = hg+ hizi 1+ ::: and suppse

we are interestal in the following problem

min Kk (zi 9 Ky(2)Hv(@2)Q% | Ky(2Ry? ki = *pae

causalKy (3)

where 2 3

(@) % and RV=2rI O&Z;:

zi (d+1) 0 2

Hy(2) = 3

1. If 2= 0, then

: ) : T
corde= Ymax( Iy 00 (I +Hgri'He) 1y 00 ) (55)
where Hy as de ned in Equation 33.
2. If 2> 0, then we can showthat
. ’ i1 i1 . T
e Ymax( 1y 0:0 ((I+ri*HH) Y+2Z) 1y 0m0 ) (56)
where
Z = (rl + HiHg)" *HghghgHq(rl + HgHg)! *: (57)
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Pro of: Wefollow the operator theory basedmethods describedin [9]: We beginby de ning

the Toeplitz operator for the equivalert channel as
Hv =" HI HJ (58)

where H¢ is the Toeplitz operator for the channel which is the semi-in nite matrix

2 3
hg 0O 0 O
Hc=86: h; hp 0 0 (59)
h, hi hg O
hs hy hi1 hg

and Hp is the Toeplitz operator corresponding to the delay component of the equivalent

channel which is another semi-in nite matrix given by
Hp = | I O (d+1) v E (60)
Furthermore, we also de ne the Toeplitz operator L for the delay operator L(z) as
L:.| 01£dt1M’: (61)

As shown in [9], in terms of the operators we de ned above, the ° o is given by

oot = Ymax(L(I + HYRLIHy) L?) (62)

Yanax (L(1 + ri tHEHc + 21 tHRHp)T 1L7): (63)

We rst note that

3

5 6 I O1£ (d+1) v z
HpHp = : (64)

Ow+ymer  Ogde1) avi £ (d+1) av
We can partition Hc in a similar way as
2 3
Hc O (d+1) om

He = § (e g (65)

hg Hg
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where Hy as de ned in Equation 33. We can write

2 3
) ) ) r(1+2i 1)| + Han+hnhd hqu
(I + HEHcri 2+ H3Hp2i ) = rit§ ¢ ‘ ’ £
Hghg g+1yom + HgHd
= FMF °© (66)
where 2 3
| hiHg(rlgm + HgHg)' 1
F=9§ no £, (67)
0 I(d+l)ClM
and
2 3
(:|.+2i 1)| +ri1H“HC+ri1h°(Id¢M ‘l'I‘i:I‘HdHn)i 1hd 0
M =§ c ’ ’ (68)
0 ri 1H§Hd+ | dam
Therefore,
L( + ritHEHc + 21 tHRHp) 'L = LF " M i }(LF )™ (69)
Here, we write LF * as
2
I 0
LF“’:g : . _ : é (70)
i 1y 020 (rI+HZHg) HZhg 1y 0:0
1. 1f 21 0, then Equation 69 corvergesto
2 3
0 0
LF = § £(LF @ )o; (71)
0 (I‘ingHd+|dgN)i1
therefore,
: ) | E T
“optde= Fmax( Iy 0::0 (I +ritHIHGY 1, 0:0 ) (72)
2. For 2> 0, in expression66, if we replaceM with
2i 1) 0
M o= £, (73)

0 rilH(‘de+ RTN
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sinceM, - M (and thereforeMj 1, M), we obtain an upper bound for the ®opt- If we

look at the product LF i* M L }(LF i" )", it is equal to

2 3
2| i 2X
. , - . L o
i2X® 1y 0:0 (I+ritHZHg Y |, 0:0 +2X°X
| {z }
Y

: T
where X = hjHg(rl + HiHg)' * 1, 0:0

Sincewe are interestedin the eigervaluesof Y, welook at || j Y, which is congruert to
2 3

i I . 0 .
4! h i h i T . 5. (75)

0 i v 0m0 (F+rTTHEHO'Y 1y om0 0 XX SXOX

It can be shawvn that the maximum eigervalue is a concase function of 2; therefore
the linear approximation obtained by ignoring the higher order terms provides an upper

bound. Under the linear approximation Eq. (75) takesthe form
2
il 0
§ : . . o T 2 : (76)
0 i Iy 0:0 (I+ritHFH)'Y 1y 0:0 i 2X°X

Therefore, upperbound for the maximum eigervalue of Y is given by

) s ' s T
Ymax( 1y 0:0 (1 +ri*HIHQ' Y 1y 0:0  +2X°X); (77)

which yields

. ’ _ .
ootde Ymax( Iy 0:0 (L +riTHEH) T +22) 1y 0:0 )

whereZ = (rl + HiHg)i *H5hgh5Hg(rl + HSHg)! &
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